We show that in the single component situation all perturbation variables in the comoving gauge are conformally invariant to all perturbation orders. Generally we identify a special time slicing, the uniform-conformal transformation slicing, where all perturbations are again conformally invariant to all perturbation orders. We apply this result to the δN formalism, and show its conformal invariance.
I. INTRODUCTION
A large class of extensions of general relativity is described in the context of scalar-tensor theories of gravity [1] , where a space-time metric g µν is coupled to a scalar field φ, with the other matter contents such as fermion fields being minimally coupled to gravity. By an appropriate conformal transformation
we can move to another frame. A prime example is the Einstein frame, where after the conformal transformation (1.1) the gravitational action becomes the Einstein-Hilbert one. These conformal frames are mathematically equivalent, so one can work in any frame as long as mathematical manipulations are concerned. It is, however, not explicitly clear whether these conformally related frames also enjoy physical equivalence [2] .
In cosmology, we encounter various frames of the metric which are related by conformal transformation, such as Jordan frame, Einstein frame, string frame and so on. The physical equivalence between these frames is especially important, since the cosmological observations with improving sensitivity can probe gravitational theories on the largest observable scales [3] . Further, some models of the early universe which accounts for the primordial perturbations incorporate non-minimal coupling between gravity and a scalar field, such as the recently proposed standard model Higgs inflation [4] . Usually one moves from the original, Jordan frame to the Einstein frame by a conformal transformation, and then computes perturbations there. The invariance of the vector and tensor perturbations, and that of the scalar perturbation in the comoving gauge, are shown up to second order [5] , but it is not clear if this invariance holds fully non-perturbatively. Regarding precise upcoming experiments that may detect non-linear signatures such as non-Gaussianity, it is important to clarify the full non-linear invariance of the perturbations [6] .
In this article, we study the conformal invariance of the cosmological perturbation. Our particular attention will be given to the curvature perturbation on super-horizon scales. We will show that in the single component case all perturbations in the comoving slicing are conformally invariant to fully non-linear order. Once this is given, we can see that in the context of the δN formalism it is a matter of gauge transformation between different coordinate systems which impose different slicing conditions.
As a temporal gauge condition, we take the conformal transformation factor Ω to be unperturbed to full non-linear order. This may be called as the uniform-conformal-transformation slicing, or,
uniform Ω slicing (UΩS). It is convenient to decompose Ω into the background and perturbation
as Ω = Ω 0 e ω , then the UΩS means ω = 0 as the slicing condition. Thus we have
Under this slicing condition it is obvious, almost a tautology, that all perturbed quantities are naturally invariant under the conformation transformation. This result applies even in multiple component situation: see (3.8) and (3.9) for relations implied by this slicing condition to non-linear orders of perturbation. Note that we may consider the action given by
Here, Ω is a function of either the field φ for f = F (φ)R-type gravity or a function of F or R for f (R)-type gravity, where
In these cases, the UΩS corresponds to the uniform-field slicing or the uniform-F slicing, respectively, and we may call it as the UFS.
II. SINGLE FIELD CASE
First, we consider the single field F (φ)R-type gravity in which we can show the invariance, especially that of the curvature perturbation. As for our spatial metric, we write
where γ ij includes vector and tensor perturbations. We choose γ ij such that it remains invariant under the conformal transformation as described in detail in Appendix A. Then, under the conformal transformation (1.1), (2.1) becomes 2) so that the spatial curvature perturbation in the conformally transformed frame becomes simply
Thus, in the UΩS in which ω = 0, we have R = R. Further, as spelled out in Appendix A, the vector and tensor perturbations in γ defined with respect to a fixed fiducial background metric are also conformally invariant to fully non-linear order.
In the single component case, the UΩS implies δφ = 0, the uniform field gauge or the comoving gauge for F (φ)R-type gravity: in most scalar-tensor theories of gravity, the conformal transformation is a function of φ, Ω = Ω(φ). This result has an important implication that, for F (φ)R gravity [7] all perturbation variables in the uniform field gauge are conformally invariant. In (2.2),
we have explicitly shown the invariance to all perturbation orders, and also have shown that why the invariance is natural in the UΩS which is the same as the uniform field gauge, or equivalently comoving gauge, in the single component case.
Now, we provide a complementary point of view using the δN formalism [8] [9] [10] in the universe dominated by a single scalar field φ. Since we will be interested in super-horizon scales in terms of the δN formalism, we restrict ourselves to zeroth order in ǫ ≡ k/(aH), where k is the comoving wavenumber of a characteristic perturbation of our interest. We consider a point on a comoving slice on which δφ = 0. Hereafter we use the subscript c to denote the quantities evaluated on the comoving slices, and likewise f and f on the flat and flat slices (see below). When the universe is dominated by a single component φ, the comoving slice is the same as the UΩS, thus R c = R c .
That is, the comoving curvature perturbation is the same and is thus conformally invariant.
Until this point we have not yet related the perturbation in the number of e-folds δN to R c .
We can compute N in the standard manner. From (2.1), the expansion scalar θ = 3H, viz. the "local" Hubble parameter is given by
where N is the lapse function. From this, the number of e-folds N is given by the integral of H along the proper time dτ = N dt as
Here, t i and t e denote the initial and the final moments respectively. Now, we consider the conformally transformed frame. We can take similar steps to obtain H = d log aΩe R /(N Ωdt) and dτ = N Ωdt, so that the number of e-folds in this frame N becomes
Note that the background is different from N 0 as
Here, we make a specific choice for the initial and final moments where we evaluate the number of e-folds and the curvature perturbation. As a reference point, we set the final moments in both frames to be identical on a comoving slice. That is, φ c (t = t e ) = φ 0 (t e ). Thus, we have ω(t e ) = ω c (t e ) = 0 and in both frames R(t e ) = R(t e ) = R c (t e ). This is the conformal invariance of R c we have seen above. Meanwhile, in the frame without overbar, we set the initial moment to be flat so that R(t i ) = R f (t i ) = 0, and in the other frame "flat" in the sense that
Then, in the frame without overbar, we have 8) and in the frame with overbar,
That is, in both frames, δN = δN = R c . Despite of the different background numbers of e-folds, their perturbations are invariant in both frames.
Notice that the curvature perturbation on a comoving slice R c and the field fluctuation on a flat slice δφ f are related by [see Eq. (287) in Ref. [11] ]
Here we remind that we are working at zeroth order in k/(aH). This relation holds at any arbitrary time. Meanwhile, in the δN formalism, by construction there is no field fluctuation on the final comoving slice where we evaluate the curvature perturbation. Thus, we are to relate the curvature perturbation on the final comoving slice R c (t e ) to the field fluctuations on the initial flat slice δφ f (t i ). Furthermore, using the fact that we are interested in the dynamics along a given background trajectory, we can show that up to second order in δφ,
We give detailed steps to find this relation in Appendix B. Once evaluated on a flat slice, this should be identical to R c (t e ) as we have shown in (2.8) [or (2.9) as well] and is in perfect agreement with (2.10). Thus, we conclude that R c (t e ) = R c (t i ), i.e. the curvature perturbation is conserved on large scales 1 .
Given the fully non-perturbative invariance of R c in two frames, we can obtain a useful perturbative relation as follows. For this, it is convenient to insert another comoving slice common to R c is conserved on large scales, R c (t e ) = R c (t c ). The comoving slice on which time is denoted by t c is common to both frames. Their initial slices are set in such a way that in one frame we set the initial slice to satisfy R(t f ) = 0. In the other frame, on the other hand, we demand R(t f ) = (R + ω) (t f ) = 0. We call the former and the latter to be "flat" and "flat", and the quantities evaluated on these slices by a subscript f and f respectively.
the both frames between the initial and the final moments, and we denote by t c the time on this slice. Since we are interested in the large scale limit where R c is conserved, the perturbations in the number of e-folds between the initial moments and t c in two frames, δN ′ and δN ′ , are identical to R c . This is schematically shown in Fig. 1 .
Then, from the frame without overbar, suppressing the dependence of N and N 0 on φ 0 (t c ) which is common, for arbitrary t < t c we have 2 12) where the superscript (n) denotes n-th derivative and the right hand side is evaluated on the flat slice. Likewise, we can write another relation,
Note that we have the same background field φ 0 , since it can be redefined in one frame to absorb the background conformal transformation factor Ω 0 . Then, essentially now we have three different gauges conditions: R+ω = 0, R = 0 and δφ = 0, which correspond to flat, flat and comoving gauges respectively. We need a specific conformal transformation Ω(φ) only to define the first gauge. Thus, using appropriate coordinate transformation laws, we can freely move between different gauges and relate one to another. For example, we consider the coordinate transformation from t f and t f to t c ,
Then, we only have to write the field fluctuations in terms of the translation T or T . Since on the comoving slice there is no field fluctuation by construction, we have
and a similar relation holds for t f . Then, using (2.14) we can write
where t f dependence of T on the right-hand side can be removed by iteratively using this relation.
Then, from (2.15), we can find the linear relation between δφ(t f , x) and δφ(t f , x) as
This linear relation is in agreement with the well-known linear gauge transformation law [13] as it should be. Note that in fact it does not matter that we necessarily restrict ourselves to the transformation between two flat gauges, and hence we may drop all the subscript f . General coordinate transformations at arbitrary time would work as well.
III. MULTI-FIELD CASE
In this section, we consider the multiple component situation. We consider an action,
Under a conformal transformation (1.1) with the field redefinition Ω 2 ≡ F ≡ e √ 2/3ψ , (3.1) becomes
where
with F ≡ ∂f /∂R. We have ψ = ψ φ K , R in general. We consider two cases:
(I) The case with f = f (R). In this case we have ψ = ψ(R), which is an additional scalar field minimally coupled to gravity in the Einstein frame. An equivalent formulation in terms of a BransDicke type scalar field Φ is given in Appendix C, with its relation to the canonical scalar field ψ in the Einstein frame.
(II) The case with f = F φ K R. In this case we have ψ = ψ φ K . Hence there is no additional scalar field. We have
We see that the effect of the conformal transformation is to change the non-linear sigma coupling term and the potential. These conformal transformation properties are presented in Appendix A of Ref. [7] .
When the universe is dominated by a single component, we have shown the conformal invariance of all perturbations in the comoving slicing, which is equivalent to the UΩS. In the multi-component situation the UΩS is different from the uniform field slicing δφ I = 0 of a chosen field component I or the collective comoving slicing which sets T 0 i = 0 in the energy-momentum tensor (or u i = 0 in the collective fluid four-vector. It should be noted however that it is in general impossible to uniquely define the comoving slicing in the multi-component situation because u [µ;ν] may not be zero). Consequently, the curvature perturbation in the gauge where δφ I = 0 is not conformally invariant: denoting the gauge δφ I = 0 by a subindex I, to linear order, we have
so that clearly R I = R I .
Nevertheless, even in the multiple component situation we can take UΩS with ω ≡ 0 to arbitrary non-linear order. Under this slicing condition we have R = R, and similarly for all the other metric perturbation variables [14] . Let us denote quantities in UΩS by suffix ω, e.g. R ω .
For definiteness, let us consider the meaning of UΩS in the two cases of our interest. Since ω ≡ 0 implies δF = 0 = δψ, we have the following:
thus δR = 0.
(II) For F = F φ K we have
This condition should be imposed among all the fields that appear in F .
Here we note that, in the spirit of the δN formalism, the final comoving hypersurface should be chosen such that there remains only a single adiabatic mode in the perturbation at and after that epoch. Once the universe has entered this stage, we also have the conservation of the comoving curvature perturbation R c . At this stage, the only dynamical degree of freedom coupled to gravity should be encoded in the function F , where the UΩS coincides with the comoving slicing (as discussed below) on super-horizon scales, and hence R ω = R c =constant 3 . All the other degrees of freedom should either be died out by then or be purely isocurvature at and after that epoch in the sense that they have no coupling to gravity whatsoever.
Conversely, at a stage during which multiple components of matter or fields have their individual dynamics, R ω is not conserved yet. At this stage, whether some quantities are conformally invariant or not is not really important. It is similar to the matter of the gauge choice. Some quantities may be conserved in a certain gauge, which may be a mathematically useful fact but has no physical/observational significance. In the present case, R ω and all the other quantities defined in UΩS are conformally invariant. But this would not help us much to understand the physics. It becomes useful and meaningful only after R ω becomes to be conserved. Now we address the relation between the comoving slicing condition and the UΩS in the case of f (R) gravity,
In the case of f (R)-gravity the comoving slicing differs from the UFS in general even at linear order. In the case of a minimally coupled scalar field we have T 0 i = φ ,0 φ ,i , thus δφ ≡ 0 implies T 0 i = 0 to fully non-linear order which is the comoving slicing condition. Whereas in the case of pure f (R) gravity, we have [see Eq. (3) in Ref. [7] ]
If we define the right hand side as an effective T µν , to the linear order we have [see Eqs. (18) and (B2) in Ref. [7] ]
where g 00 ≡ −a 2 (1 + 2α). Thus, the UFS condition δF = 0 does not imply T 0 i = 0 in general in the original frame.
However, one can show that the UFS condition coincides with the comoving slicing condition 13) where n µ is the unit normal to the uniform F slice, P ν µ = δ ν µ + n µ n ν is the induced metric on the Thus the fact that there remains only a single adiabatic mode implies α = O(ǫ 2 ), and henceṘ = 0 at leading order on super-horizon scales. Also the fact α = O(ǫ 2 ) implies τ = t at leading order.
Thus the field F in UFS is actually given by F (τ (t, x), x) = F (t, 0) = F 0 (t).
In the above, we have considered the case when the field F dominates the universe. In general,
we may have other fields or matter which may have non-trivial background dynamics. In this multicomponent situation, we have no conformal invariance of the comoving curvature perturbation (if it can ever be sensibly defined). In this situation, we can still define a conformally invariant curvature perturbation, R ω in UΩS. As we discussed, however, R ω will not be conserved if the multi-component matter or fields are still dynamical. It becomes to be conserved when the universe becomes dominated by a single adiabatic degree of freedom. Assuming this degree of freedom is encoded in F , we have the equivalence between UΩS and the comoving slicing, and hence recover the conformal invariance of R c , namely R ω = R c =constant.
IV. SUMMARY
To summarize, we have studied the non-perturbative conformal invariance of the cosmological perturbations. When the universe is dominated by a single component, the UΩS and the comoving slicing coincide and the comoving curvature perturbation R c is conformally invariant fully nonperturbatively. Consistent with the conformal invariance of R c , we have shown that the δN formalism gives identical results irrespective of the choice of conformal frames.
When the universe is dominated by a multiple matter or field components, the comoving curvature perturbation is no longer conformally invariant. However, at and after the universe has settled down to a unique evolutionary trajectory, i.e. in an era when there remains only a single adiabatic mode, we recover the conservation of the comoving curvature perturbation on super-horizon scales and so it is conformally invariant. Here we give the decomposition of the spatial metric γ ij in a conformally invariant way up to the determinant of γ ij .
As a fiducial background, we take the flat metric, δ ij . We introduce a traceless matrix C ′ ij , and decompose it as
where the spatial indices are to be raised or lowered by the flat metric δ ij , and F i and h ij satisfy
We write the spatial metric as
Then, we define R as the sum of the trace contributions on the exponent,
and introduce
It is then clear that under the conformation transformation,
γ ′ ij hence γ ij is conformally invariant. In particular, for perturbations on a given background with Ω = Ω 0 e ω , the conformal transformation affects only H L , or equivalently R as
We can extend the above to the non-flat fiducial metric in a similar way by covariantizing the derivatives, with the definitions of all the variables including that of R, (A.4), as well as their conformal transformation properties remain the same. It is known that f (R) gravity can be cast into the form of a Brans-Dicke type theory. Here let us recapitulate it.
We can rewrite the f (R) gravity action, (3.10), by introducing an auxiliary scalar field as
Then the variation with respect to λ gives R = s, and we recover the original action. On the other hand, if we take the variation with respect to s, we obtain the constraint,
Using this to eliminate λ from the above action, we obtain
If we further introduce a scalar field Φ by Φ ≡ df /ds, then the above action is rewritten again 
This shows that Φ is a dynamical field despite the absence of an apparent kinetic term in (C.4).
We have not performed a conformal transformation so far. Hence the metric is still the original metric g µν . Therefore the f (R) action (3.10) and the F (Φ)R action (C.4) are completely equivalent to each other.
With the conformal transformation of g µν = Ω 2 g µν , with Ω 2 = Φ = e √ 2/3 ψ , the action (C. 4) can be transformed to the Einstein frame,
